REAL ANALYTIC METRICS ON 5^ WITH TOTAL ABSENCE 
OF FINITE BLOCKING 
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Abstract. If {M, g) is a Riemannian manifold and {x, y) £ M X M, then a 
set P C M \ {x, y} is said to be a blocking set for (x, y) if every geodesic from 
X to y passes through a point of P. If no pair {x,y) in M X M has a finite 
blocking set, then (M, g) is said to be totally insecure. We prove that there 
exist real analytic metrics h on such that (S^, h) is totally insecure. 



1. Introduction 

Let (Af, g) be a C°° Riemannian manifold. In this paper, manifolds and surfaces 
are assumed to be without boundary. We consider a geodesic on M as a mapping 
7 : / — M, where / is an interval of positive length. The trace of 7, denoted tr(7), 
is the image of 7 in M. Unless specified otherwise, we will assume that geodesies 
are parametrized by arc length. If / = [a, &], x = 7(a), and y = 7(6), then 7 is 
said to be a geodesic from x to y. Two geodesies ji : li ^ M, i = 1,2, will be 
considered the same if and only if 71 is equal to 72 composed with a translation 
that maps Ii onto 12- A subset P C M is called a blocking set for a collection of 
geodesies F on M, if tr(7) C\ P ^ % for every geodesic 7 in F. If F consists of all 
geodesies from x to y and there exists a finite blocking set P C M \ {x,y}, then 
{x,y) is said to be secure; otherwise (x,y) is said to be insecure. The Riemannian 
manifold (M, g) is defined to be secure if every pair {x, y) G M is secure. If there 
exists an insecure pair {x, y) G M x M, (M, g) is said to be insecure. Moreover, if 
every pair (a;, y) e Af x M is insecure, then (M, g) is defined to be totally insecure. 

E. Gutkin and V. Schroeder [16] showed that flat metrics are secure, and it is 
conjectured in [51 [12] that these are the only secure metrics. On the other hand, 
there are many examples of totally insecure metrics [3] [5] [TH] [H] , and according 
to [6], it is expected that "most" metrics are totally insecure. V. Bangert and 
Gutkin [3] proved that any compact Riemannian surface of genus greater than one 
is totally insecure. In case M is a compact surface of genus one, they showed 
that there is a open and C°° dense collection of metrics on M that are totally 
insecure. However, in the case of surfaces of genus zero, there were no previously 
known examples of totally insecure metrics. Gerber and W.-K. Ku [15] showed that 
on any compact Riemannian manifold M of dimension greater than one there is 
a dense G-delta set of C°° metrics, 5, such that for each g G G, there is a dense 
G-delta subset TZ = TZ{g) of M x M consisting of insecure pairs {x,y) for {M,g), 
but this result only provides "generic" insecurity, not total insecurity. The main 
theorem of our paper is that if M = or P^(R), then there exist real analytic 



2000 Mathematics Subject Classification. Primary: 58E10; Secondary: 37D25, 37D40. 
Key words and phrases, geodesies, finite blocking, insecurity, Lyapunov function. 



1 



REAL ANALYTIC METRICS ON WITH TOTAL ABSENCE OF FINITE BLOCKING 2 

metrics h on M such that {M, h) is totally insecure. We present the argument for 
M — S'^, and the case M = P^(M) follows easily, as indicated in Remark 12.51 

The real analytic metrics h on S"^ for which we prove total insecurity are obtained 
in the same way as the metrics on S'^ for which K. Burns and Gerber [8l[9] showed 
that the geodesic flow is ergodic. Our proof relies on ideas in [3] and techniques in 
non-uniform hypcrbolicity [4} I18j. Burns and Gutkin [6^ and, independently, J.-F. 
Lafont and B. Schmidt jl9) showed that compact Riemannian manifolds (of any 
dimension) with no conjugate points whose geodesic flows have positive topological 
entropy are totally insecure. In the special case of a compact manifold with negative 
curvature the methods in 3 provide a different proof of total insecurity. A key step 
in our paper is to show that there is a closed /i-geodesic p such that for any pair 
{x,y) € S*^ X 5^ there is an infinite sequence of /i-geodesics (7„) from x to y that 
stay arbitrarily close to p except during a uniformly bounded amount of time at 
the beginning and at the end of their parameter intervals. (See Proposition 16.91 for 
a precise statement.) This condition is essentially taken from |3|, and it is easy to 
establish if {S'^, h) is replaced by a manifold of negative curvature and p is replaced 
by any closed geodesic. (For manifolds of negative curvature, the first statement in 
Proposition 16.61 is also easy to prove, for any closed geodesic p, but the analog of 
Proposition 16.91 can be proved directly.) 

According to Proposition 16. 6[ for each {x,y) e 5^ x S*^, there are /i-geodesics 
7+ : [0, oo) -J> 5*2 and 7^ : (-00, 0] -J> S*^ with 7+(0) = x and 7"(0) = y such that 
7+ is asymptotic to the closed /i-geodesic p as t — >■ 00 and 7" is asymptotic to p 
as i — > —oo (as in Definition 13. Bp . The sequence of geodesies (7„) mentioned above 
is obtained by finding small perturbations 7^ and 7" of 7"*" and 7", respectively, 
and large positive t+ and such that 7^|[0,t+] and 7^|[— i^,0] can be smoothly 
joined at 7+ (4) = 7,7 

We show (in Proposition I6.I1( ) that no one-element set {z} can be a blocking 
set for any infinite collection of geodesies in {S'^,h) of uniformly bounded length 
starting at a point x. This is clearly true if {S'^,h) is replaced by a manifold with 
no conjugate points. However, any Riemannian metric on S"^ must have conjugate 
points (Remark 3.4 in Chapter 7 of [11]). In fact, for the metrics from [9J, there are 
conjugate points along any geodesic segment that passes through a cap (as defined 
in Section [2] below) . Our proof of Proposition 16.111 relies on the real analyticity of 
the metric. 

The proof of Proposition 16 .61 utilizes the fact that the geodesic flow for (S*^, h) is 
topologically transitive (which follows from the ergodicity with respect to Liouville 
measure), but ergodicity is not used in any other way. 



2. Construction of Totally Insecure Real Analytic Metrics on S'^ 

We describe the construction of real analytic metrics on compact surfaces with 
ergodic geodesic flow, as in [9]. Let 5 be a compact surface with a real analytic 
differentiable structure, and let 17 be a C°° metric on S that satisfles the following 
conditions: 

(1) There is a finite (non-empty) disjoint collection of monotone curvature caps 
Ci, i = l,...,g, (as defined below) such that S\ (Uf^j^Ci) has negative 
curvature with respect to g. 



REAL ANALYTIC METRICS ON WITH TOTAL ABSENCE OF FINITE BLOCKING 3 

(2) If s is the signed distance from the boundary of a cap C = Ci, for i G 
{1, . . . , (?}, with s > in the interior of C, then the curvature with respect 
to g is s for points in a neighborhood of dC. 
Note that assumption (2) imphes that g is real analytic in a neighborhood of dC. 
Metrics satisfying (1) and (2) exist on every compact real analytic surface S. (See 
Section 1 of [5].) Such metrics are viewed as having "almost negative curvature," 
since many of the properties of geodesic flows on surfaces of negative curvature 
extend to metrics of this type. They are of interest primarily in the case of surfaces 
of genus zero or one, which do not support metrics of negative curvature. 

A cap is defined to be a closed two-dimensional disk with nonnegative curvature 
such that the boundary circle is the trace of a real analytic geodesic. We say that 
a cap C has monotone curvature if it is radially symmetric and its curvature is a 
nondecreasing function of the distance from the boundary of C. 

Real analytic metrics h with ergodic geodesic flow are obtained from the following 
two theorems in [9]. The proof of Theorem l2.2l is based on Cartan's theorem B [TO] , 

Theorem 2.1. Let S be a compact surface with a real analytic differentiable struc- 
ture, and let g be a C°° Riemannian metric on S satisfying the above conditions 
(1) and (2). Choose an open neighborhood Ti of dCi for i — and let 

T = Uf^^Ti. Let Hi be the collection of R iemannian metrics on S that agree 
with g to second order on dCi, i = 1, . . . , g. Then there exist a open neighborhood 
IHI2 of g in the set of Riemannian metrics on S, and a open neighborhood M3 
of g\T in the set of Riemannian metrics on T, such that the following holds: If 
/i G Hi n H2 and h\T £ H3, then the geodesic flow for h on T^'^S is ergodic with 
respect to Liouville measure. 

Theorem 2.2. Let S be a compact surface with a real analytic differentiable struc- 
ture, and let g be a C°° Riemannian metric on S. Suppose that T is a union of 
disjoint closed real analytic curves on S and there exists a neighborhood lA of T on 
which g is real analytic. Then for any positive integer k there exists a real analytic 
metric h on S such that g and h agree up to order k on T. Moreover, h can be taken 
arbitrarily close to g in the C°° topology. 

The main result of this paper is the following: 

Theorem 2.3. If S, g, T, and Hi are as in Theorem \ 2.1l then there exist a 
open neighborhood H2 of g in the set of Riemannian metrics on S, and a 
open neighborhood H3 of g\T in the set of Riemannian metrics on T, such that 
the following holds: // € Hi H Hj and h\T € H3, then [S, h) is totally insecure. 

It follows from Theorem 12.21 that the set of real analytic metrics h that satisfy 
the conclusions of Theorems 12.11 and 12.31 is nonempty. In particular, we obtain the 
following corollary. 

Corollary 2.4. If S is a compact surface with a real analytic differentiable struc- 
ture, then there exist real analytic metrics h on S such that {S, h) is totally insecure. 

Theorem [2T3] and Corollary [53] are only of interest in the case S" = S"^ or P^(R), 
since totally insecure metrics for positive genus surfaces were already obtained in 
[3], as described in our introduction. 

Remark 2.5. Suppose P is a non-orientable compact real analytic surface and S is 
its orientable double cover, with covering map tt : 5 — > P. It follows easily from 
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the definition of totai insecurity tliat for any Riemannian metric hp on P, (P, hp) 
is totally insecure if {S,TT*hp) is totally insecure (see Proposition 1 in [16 ). This 
observation allows us to reduce Theorem 12.31 to the case in which the surface is 
orientable. 

Throughout the rest of this paper we will assume that 5 is a compact orientable 
surface with a real analytic differentiable structure and g, T, Hi, IHI2, and H3 are 
as in Theorem 1 2. II As observed above, the reader may as well assume that S — S^, 
although this does not matter for the proof. Furthermore, we will assume that h is 
a real analytic metric with /i G Hi nEIj and h\T e H3, where Hj C H2 is a open 
neighborhood of g in the set of C"^ Riemannian metrics on S, and H3 C H3 is a 
open neighborhood of gjT in the set of Riemannian metrics on T. Additional 
requirements on and Hg will be imposed later in this section and in Section |3l 

Since h agrees with g to second order on dCi, for i — 1, . . . , g, each dCi is the 
trace of a closed geodesic for h, as it is for g. We require Hj and Hg to be sufhciently 
small so that for h e Hi n Hj, and h\T G Hg, the curvature for h is positive in 
int(U'^iCi) and negative in A/", which is defined by 

(2.1) J^^SMutA)- 

For our argument, we need a closed /i-geodesic p such that for any (x, y) €1 S x S, 
there is a family of /i-geodesics (7n)n=i,2,... which accumulate near p, as described 
in Proposition 16.91 Any simple closed geodesic along one of dCi, i G {1, ... ,(7}, 
and any closed geodesic whose trace lies in A/" could serve as p. In our argument, 
we choose to work with a closed geodesic in Af, because the estimates required to 
prove the analog of Proposition l6.6l for a geodesic along one of dd are more difficult, 
due to the fact that the curvature of the surface vanishes on dCt. (Proposition 16.61 
remains true for p replaced by a geodesic along one of dCi, except in the last line 
we would either have to replace T2(7t,^) and T2(7«_) by |t2(7«_,.)| and |T2(7t,_)|, 
respectively, or require that the Fermi coordinates along dCi be chosen so that 
T2 > for points near dCi that lie in Af. This modification is needed, because no 
geodesic can be asymptotic to a geodesic along dCi while remaining in int Ci. No 
additional difficulties in the proof of Theorem l2.3l are caused by this modification.) 

We can find a closed g-geodesic po in Af by applying the BirkhofF curve-shortening 
procedure O [13] (for the metric g) to a closed curve a in Af that is not homotopic 
within A/" to a point or to any of the boundary components of A/". Since each 
boundary component of AJ" consists of the trace of a simple closed geodesic, it 
follows that for any two points x,y G AJ" with distg{x,y) < r, where r is the 
injectivity radius of (5', g), the length minimizing g-geodesic 7 from x to y must 
have tr(7) C AT If we start the curve-shortening procedure by partitioning a into 
segments of length less than r, then all of the curves obtained from a with this 
procedure, as well as the limiting curve, remain in Af. Moreover, all of these curves 
are homotopic to a within 77. The limiting curve is a closed g-geodesic po in A^- 
Since the orbit of the geodesic glow for g along po is transversally hyperbolic, it 
follows that if Hj is a sufficiently small neighborhood of g, there is a closed 
/i-geodesic p = p{h) that is close to p (although we only need it to be C° close 
to p). The neighborhood Hj can be chosen so that disth(tr(p), Uf^id) is uniformly 
bounded away from for all /i € Hj. 
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It is possible that there is no simple closed geodesic in J\f. For example, if S is S*^ 
with three caps, then any simple closed geodesic in JV would be homotopic to the 
boundary of one of the caps, which is impossible by the Gauss-Bonnet Theorem. 

There is another type of closed geodesic that may occur, namely one that passes 
through the interior of one or more of the caps. However, the conjugate points that 
occur along such a geodesic prevent it from being a suitable choice for p in our 
argument. 

Henceforth, unless otherwise specified, we will assume that geodesies, geodesic 
flow, distances, lengths of vectors, curvature, etc., for S are taken with respect to 
h. For X & S and v € T^S, let 7^ denote the geodesic with 7i,(0) = x and 7^(0) — v. 
Let (p*, i G M, be the geodesic flow on T^S. 

3. Stable and Unstable Cone Fields 

We will define stable and unstable cone fields at each v G T^S. These cone fields 
are essentially the same as those in [9], except that the definitions are extended to 
be valid inside the caps. The idea of extending the cone fields into the caps and 
obtaining continuous stable and unstable line fields (as in our Lemma l4.3p already 
appeared in V. Donnay's proof of the existence of C°° metrics on with ergodic 
geodesic fiow [14], but the real analytic case is different, because we no longer have 
invariance of the /C"*" cones (see Definition 13. 1|) from the time that a geodesic enters 
a cap until it exits the cap. 

The Riemannian metric h ~ (•, •) on S induces a Riemannian metric on TS : 

{{i,v)) = {S.h,Vh) + {S.v,w), 
where H and V denote the horizontal and vertical components, respectively (see, 
e.g.. Chapter 3, Exercise 2 in [Jl]). We will identify ^ G TTS with (Cff,Cy)- If 
X e S, w e TlS, and ^ G T^T^S, then (^y , w) = 0. For w G TlS, we let vlw) be 
the two-dimensional subspace of T^T^S defined by 

(3.1) V{w) = U G T^T^S : {^hM - 0}. 

We define V coordinates onViw) by choosing N ^ T^S such that {N, w) = and 
letting ^ = {^H,^v) G V{w) have coordinates (Ai, A2) if = ^iN and = ^2N. 
If N is replaced by —N, then the coordinates change from (Ai, A2) to (— Ai, — A2), 
but this does not matter for the cones and the lines through in Viw) that we 
consider below. The distribution w 1— >■ V{w), w G T^S, is orientable, because we 
may specify that the ordered pair of vectors given in H, V coordinates by (1, 0), (0, 1) 
is positively oriented. This orientation docs not depend on the choice of N. 

Suppose wq G T^S, ^ G T^gT^S, and w{s) G T^i^^^S, —Sq < s < sq, is a curve in 
T^S that is tangent to ^ at = w{0) when s = 0. Then J{t) = {d/ds)\s=o'^w(^s){t) 
is a Jacobi field along 7^,0 with J(0) — ^h, J'{Q) — and {{dip^{^))H, {d>f'^{£,))v) = 
(J(t), J'(t)). In particular, if C G r{wo), then ( J(0), 7^0 (0)) = = (J'(0),7;„(0)), 
which implies that {J{t),y^^it)) = 0. Thus {{dip* {£,)) h , dip*' (wo)) = 0, i.e., the 
distribution w 1— )■ V{w) is invariant under the geodesic flow. Moreover, the orbits 
of the geodesic flow are orthogonal to the distribution w 1— )■ P(ti'), since rjn = wq 
and = if 77 = {D / dt)\t=oip* {wq) . 

Now assume that the curve w{s), as above, is a regular curve in T^S that is 
everywhere tangent to the distribution V (i.e., w'{s) G 'P{w{s)) for —sq < s < sq). 
Then w{s) is a unit normal field along the curve p(s) in S. (Throughout this paper. 
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a regular curve will mean a curve whose derivative is nowhere vanishing.) The 
signed curvature fc(s) of p{s) with respect to the unit normal field w{s) is defined 

Our choice of sign is such that unstable [stable] curves (to be defined in Section 0]) 
that lie outside the caps have positive [negative] curvature. The second equality in 
((3^ follows from the fact that {p' {s),w{s)) = 0. 

If J{t) is a perpendicular Jacobi field along 7^,^,, we may write J(t) = j{t)N{t), 
where N{t) is a continuous unit normal field along 7^,5 (t), and j{t) satisfies the 
scalar Jacobi equation 

j"{t)+K{j.^„{t))j{t)^0, 
where K is the Gaussian curvature. If w{s), —sq < s < sq, with w{0) = wq, is a 
regular curve in T^S' that is everywhere tangent to and J(t) = ('^/rfs)]s=o7«,(s)(i) — 
jit)N(t), then 

J'{t) = {D/dt){d/ds)U=olHs)it) = {D/ds)U^o{dip'{w{s))), 

and j'{t)/j{t) = {J{t), J' (t)) /\J{t)\'^ . From the second version of the formula for 
k{s) in (13. 2p . it follows that j'{t)/j{t) is equal to the signed curvature at s = of 
the curve s ^ ^w(s)it) with respect to the unit normal field ip*(w{s)). If mlt) — 
j'{t)/j{t), the slope of dip*{w'{0)) in the H, V coordinate system, then m{t) satisfies 
the Riccati equation 

(3.3) m^it)+m'it)+K{-f.^,it)) =0. 

The Riccati equation can be transformed by setting = tan^^(TO), to obtain 

(3.4) e\t)+sm^i9it))+Ki-f^„{t))cos^9{t)) = 0. 
Here 9 e M/ttZ, which we identify with (-7r/2, 7r/2]. 

Definition 3.1. For wo G T^S, we define cones /C+^j/C^;^^ C V{wq) by 

/C+ = {e e V{wo) : {^H,^v) > 0} and /C-„ = {C G Viwo) : {^hAv) < 0}. 
The /C+^ cones correspond to perpendicular Jacobi fields with jj' > 0. If the cur- 
vature is nonpositive along ^wgit) for to < t < ti, then {j{t)j'{t)y = {j'{t)Y ~ 
K{lwo{t)){j{t)f > for to < i < ^1- This implies that 

(3.5) dip^'-^"IC+, „ , c /C+ . and dLp^^-^^K,-, . c /C", 

If, in addition, the curvature is negative at a point 7u,p(t), for some t G [to,ii], then 

(3.6) dip*^-*'"IC+ I, . C int/C+ , and dip^^-^^K.', , C int/C", 

where int/C, for a cone K, C V{wi), means the topological interior of JC within 
r{wi) together with G T^.T^S. 

For each cap Ci, i = 1, . . . , g, we choose closed disks Vi and Si in S that are 
radially symmetric about the center of Ci for the C°° metric g such that Ci C int Vi 
and C intfi. We require that EiOEj = if i 7^ j, and that the closed ^.-geodesic 
p constructed in Section [2] lie in S \ (U'^^iSi). Since the curvature for g is negative 
in £i \Ci, diat g{'-/{t),dCi) is a strictly convex function of t for any (/-geodesic 7 in 
£i \Ci. This implies that there exists f3i > such that for any (7-geodesic 7 with 
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Figure 3.1. The tangent vector ^ = {^h,£,v) at wq to the curve 
w{s) in T^S is in JC^^ for the curve on the left and is in IC~^ for 
the curve on the right. 



7(0) e dVi and 7'(0) either tangent to dVi or 7'(0) pointing strictly out of T>i 
(i.e., 7'(0) and Vi are on opposite sides of the tangent line to dVi at 7(0)), we 
have 7((0, C S \ Vi. We will assume that is sufficiently small (i.e., h is 
sufficiently close to g in the topology) such that the analogous property holds 
with gi-geodesics replaced by /i-geodesics and $i replaced by some /?,; > 0. We will 
refer to this property (for the /i-metric) as the strong convexity oiVi. 

If x e intCi and v £ T^^S, then there exist a, b,a, b with a <a < < b < b, such 
that 7t,(t) G intCi for t g (a, 6), 7^(i) G int(2?i \ Ci) for t e (a, a) U {b, 6), and 7„(a), 
Jv(b) G dVi. That is, 7^ exits in both positive and negative time, and once it 
exits Ci (in either positive or negative time) it exits Vi without first re-entering 
Ci. This follows from Propositions 2.4 and 4.3 in [S], provided that g and h are 
sufficiently close in the topology, and g\Ti and h\Ti are sufficiently close in the 
topology, where is as in Theorem 12.11 

Lemma 3.2. Let C ~ Ci and V = Di for some i e {1, ...,(?} be as above. Let 
T be as in Theorem \2.1\ // and Hg are sufficiently small (i.e., g and h are 
sufficiently close in the topology, and g\T and h\T are sufficiently close in the 
C"^ topology), then for any geodesic 7 in {T>, h) with j{t) G intD for t G (a, b) and 
^(a),^lb) G dV, we have 



(3.7) 



dLp\,''AK+,, s) c /C+,.,. 
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Moreover, if j{t) G intC for t G (a, 5) and 7(a), 7(6) £ dC, where a < a < b < b, 
then 



(3-8) d<Ca)Kia))^^Ui;y 

Proof. If tr(7) does not intersect C, then p.7p follows from p.Sp . because the cur- 
vature is negative in 2? \ C. The idea for the proof of the /C"*" invariance property in 
()3.7|) in the case that tr(7) intersects C is that the ^.-geodesic 7 can be approximated 
by a geodesic that also passes through C. From Proposition 2.7 in |9] we know 
that from the time that the corresponding ij-geodesic enters C to the time that it 
exits C we have invariance of the /C+ cones under the derivative of the geodesic flow 
for g. This invariance property can be destroyed when the metric g is replaced by 
the metric h. However, following 7 for additional time before and after it enters 
C, while it is in the negative curvature region V \C, allows us to recover the /C+ 
invariance in p.7|) . This is proved in detail in Section 4 of [9]. (See Proposition 
4.10 of [S].) Moreover, the estimates in Propositions 4.8, 4.9, and 4.10 in [S] show 
that it is actually enough to follow 7 just for additional time before it enters C, 
which leads to the containment in (13.81). □ 



Definition 3.3. A geodesic 71 : [ai, 00) — > 5 is said to be asymptotic as t ^ 00 to 
a closed geodesic 72 : [02, ^2] — > 5 if there exists to G M such that, after extending 
the domain of 72 to (—00, 00), we have 

(3.9) lim dist(7i(t),72(to + 0) = 0. 

Similarly, a geodesic 71 : (— cxi,ai] — > is said to be asymptotic as t — > —00 to 
a closed geodesic 72 if there exists to G K such that (I3.9|l holds with "limt^oo" 
replaced by "limt^_oo"- 

From the usual procedure for constructing horocycles in regions of nonpositive 
curvature (see, e.g., [17]), we know that for each a; G 1?^ \ Ci there are exactly two 
vectors Vx,j G T^S, j = 1,2, corresponding to the two possible orientations on dCi, 
such that 7d^ J (t) G int(2?i \ Ci) for all t < 0, and jv^ j is asymptotic to a closed 
geodesic along dCi as t ^ —00. If x G int(I?.i \ d) and w G T^S, w ^ Vxj, j — 1, 2, 
then 7u,(t) exits 2?i in negative time, and one of the following must occur: 

(1) There exists a < such that jw{t) G int(I?i \ Ci) for t G (a, 0] and 7^,(0) G 
dVi; or 

(2) There exist a < c < d <0 such that jw{t) G mt{V,\Ci,) for t G (a, c)U{d, 0], 
7^(t) G intCi for t G {c,d), and 7^,(0) G dVi. 

If a: G and w eT^S are such that w is not tangent to dCi, then again 7u,(t) exits 
I?i in negative time and we have: 

(3) There exist a < c < such that 7u,(t) G int(Ci) if c < t < 0, 7„(t) G 
int(I?i \ Ci) for t G (a, c), and 7iu(a) G dVi. 

Definition 3.4. If a: G int 2? for I? = 2?^, i G {1, . . . , g}, and w £TlS \s such that 
there exists a < with 7^(t) G inti? for t G (a,0] and ^w{a) G 92?, we define the 
unstable cone K,^ by 

For aU other w eT^S, we define 
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w ' ■ 



Similarly, if a; G mfD for V — Vi, i £ {1, . . . ,q}, and w £ T^S is such that there 
exists 6 > with 7u,(i) £ mtV for t £ [0,6) and 7^,(6) £ dT), we define the stable 
cone K,^ by 



For all other w £ S, we define 



With these definitions, it follows from (|3.5p and (|3.7I) that the unstable [stable] 
cones are invariant for d(p^, t >0 [t < 0]. That is, 

(3.10) V/C^ic/C;5*^,fori>0, 

and 



(3.11) V^;c/C;.^,fort<0. 

Moreover, by (|3.6p . if the basepoint of for some t between and t, lies in A/q, 
defined by 



(3.12) 

then we have 



(3.13) 

and 

(3.14) 



dip'iCl CintJC:^,^, if t>0 



dip*JCl C int^^t„, if t < 





'/C"(Vu;) 



Figure 3.2. Invariance of JC" cones under 
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The following lemma will be used to prove a transversality condition that is 
needed in Lemma 16.71 

Lemma 3.5. For all w G T^S, we have 

(3.15) int/CJJ, nint/C^ = {0}. 

Proof. Ifw e TlS for x £ S\ (Uf^^ intX>,)> then (|3T^ is clear, because Kl = 
and /C^ = /C^. If a; G U^^^intPi, p.lSp follows from the definition of the stable 
and unstable cones and (|3.7p in Lemma [3^ □ 

The unstable cone field is continuous at those v G T^S where one of the following 
holds: 

(1) (uLiintC0U(5\(Uti2?.)). 

(2) For some i ^ {1, . . . ,q}, x ^ dCi and v is not tangent to dCi. 

(3) For some z G {1, . . . , g}, a; G int(P,j \ d) and v ^ Vx.i,Vx,2, where w^;, 1,^2, 2 
are as defined above. 

(4) For some zG{l,...,g},xG dT>i and v points strictly into 2?j (that is, v is 
not tangent to dVi, and v and Vi lie on the same side of the tangent line 
to dVi at x). 

Analogous conditions can be given that guarantee that the stable cone field is 
continuous at certain vectors w G T^S*. 

Definition 3.6. If v 1-^ ICy C 'P(f) is a cone field defined for v in a neighborhood 
of vq in T^S such that each /C„ is closed, then we say that this cone field is upper 
semi- continuous at vq if the following holds: for any sequence of vectors (wn)n=i,2.... 
in this neighborhood of vq and a corresponding sequence {£,n)n=i,2.... with ^„ G /Ct,„ 
such that lim„_>oo w„ = vq and lim„_>.oo = ^o, we must have ^0 G ICyg. 

Lemma 3.7. The unstable and stable cone fields v i-^ /C" and v /C* given in 
Definition \3.4\ are upper semi- continuous on (T^S) \ (U^^j^T^(9Ci)). 

Proof. We will prove this for the unstable cone field. The proof for the stable 
cone field is similar. Let vq G T^S be such that vq is not tangent to any of dCi, 
i = 1, . . . ,q. The following two cases are not covered by the above cases (l)-(4), at 
which we have continuity: 

(i) For some i G {1, . . . ,q}, x E dVi and vq is either tangent to dVi or points 
strictly out of Vi . 

(ii) For some i G {1, . . . , q\, x G int(2?i \ Ci) and vq G {vx,i, Vx^2\- 

Case [i). In this case, /C"^ ~ /C+ . For v close to uq with basepoint in 5 \ intP^, 
or with basepoint y G int Vi and v G {fy,i, fi;,2}, we have /C" = K.^ . Thus it suffices 
to consider v close to f with basepoint in int T^i and 71, not asymptotic to dCi as 
t — —00. Let a = a(t;), b = a < 0, be such that 7„((a, 5)) C intPi and 7«(a), 
7i,(6) G dVi. If u is close to uq, then 6 is close to 0. Thus /C" = o?(p~°^^/C^,^^j is close 

to = ^'<'5^~(a)^7'(a)' which is contained in A^y(f,)j by (|3.7p in Lemma [3T2l This 

establishes upper semi-continuity at tig. 

Case (ii). Again we have Yi^^ — /C^j^. Moreover, 7„„ is asymptotic to a closed 
geodesic along dCi zs t ^ -co. For v close to vq such that 7^ is also asymptotic to 
dCi as t — >■ — c», we have /CJJ = IC^ . There are two other possibilities: If v is close to 
tiQ and 7„ exits 2?i in negative time without first entering Ci, then /C" C /Cj by (|3.5|1 . 
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If V is close to Wo and passes through d in negative time before exiting Vi, let 
a<a<b<Ohe such that 7t,([a, 0)) C Vi, 7t,([a, b]) C Ci, 7i,(a) € dVi, and 7i,(a), 
jjb) e aC,. Then, by dSH) in Lemma|33 we have /C" ~ du?-''K+,, . C /C+ - . 

' ^ ' ' " ' 7 (o) T v'lJ 7'(&) 

Thus /C^ = dip-'^JC'^^^^^^ C C /C+, where the last inclusion is by ((Xa . 

Therefore we have upper semi-continuity at uq. □ 

Definition 13.81 and Remark 13.91 below will be used to obtain upper bounds on 
the Lyapunov function defined in Section lU while Definitions 13.101 and 13.121 and 
Lemma [3. Ill will be needed in Propositions 16.61 and 16.91 

Definition 3.8. For ie{l,...,q}, let Z, = {T^{dCi))\J{v £ T^S : a; £ and w S 

{Vx,l,Vx,2}}- 

Remark 3.9. The /C^ cone angle can approach as w approaches Uf^^Z^, but 
if w G (T^S) \ (Uf^iZi), then there exists an open neighborhood U oi v and an 
a = a{U) > such that the cone angle of /CJJ, is at least a for all w eU. Thus, if 
W is a compact subset of {T^S) \ (U^^^Z^), then there is a positive lower bound 
for the cone angles of K."^ for u; € W. 

Definition 3.10. Let x d V = Vi d intS — intSi, for some i € {1, . . . , q}. If x is 
not the center of V in the radially symmetric g-metric, let 7 be the g-geodesic from 
a: to a point on d£ that is of length distg(a;, Then the unit vector vq in the 
/i-metric that is a positive multiple of 7'(0) is called a radial vector at x. If x is the 
center of V, then any vq G T^S is called a radial vector at x. (As usual, if we do 
not specify the metric, T^S refers to unit vectors for h.) 

Lemma 3.11. There exist positive numbers e and R such that if x G U^^j^Di and 
Vq is a radial vector at x, then for any v G T^'^S with disth{v,VQ) < e, we have 
V ^ ^j^iZi and d(p*^{H = 0) C int/C^t(^), for t > R. Here H = means the line in 
V{v) with H coordinate identically 0. 

Proof. Let i?j be the radius of £i in the g-metric, and let R = max(i?i, . . . ,Rq). 
Suppose X G Vi and let C = Ci, T> = 2?;, and £ = £i. Let 7^ be the (unit speed) 
g-geodesic with 7g(0) = x and 7^(0) a positive multiple of the radial vector uq. 
Let be the /i-geodesic with 7^(0) = x and 7^(0) = v for some v G T^S with 
dist;i(w, Wo) < e, where we describe the choice of e later in the argument. We consider 
the solutions 9g [respectively. Oh] to the transformed Riccati equation (|3.4p along 
Ig [ih] with 6 = 6g [Oh] and K = Kg [Kh], the curvature with respect to the g [h] 
metric. Assume 6g and 6h satisfy the initial condition Og{Q) = 7r/2 — Oh{0). The 
condition 6*^ (0) ~ Tr/2 corresponds to the line = in 7^(1;). 

First we consider the case x G C. Then there exist times to = ^0(2;), ti = ti{x), 
t2 = ^2(2^), —2R < t2 < < to < ti < R, such that for t > 0, jg{t) exits C at time 
to and 7g exits £ at time ti, and for t < 0, 7g(t) exits £ at time t2. It follows from 
Lemma 2.5 in [S] that < dg{to) < 7r/2. Since Kg(t) is negative for to < t < ti, 
we obtain < Og{ti) < 7r/2. Moreover, by a compactness argument, there is a 
S G (0,7r/2) such that S < 9g{ti) < {tt/2) - S, for ti = ti{x), for aU x G Ci. For 
e sufficiently small and IHI2 sufficiently small (i.e., h sufficiently close to g), we 
obtain < 9h{ti) < tt/2. In addition, we may assume that 7h(ti) is sufhciently 
close to 7g(ti) that 7h(ti) G S \ (U'^.^i'Dj), which implies that ICl", u = /Ci y 

■' 'h \ l 'h V 1 / 

Thus < Oh{ti) < tt/2 implies that dtpl^{H = 0) C int/C"tj, >. By the invariance 



REAL ANALYTIC METRICS ON WITH TOTAL ABSENCE OF FINITE BLOCKING 12 

of the unstable cones it follows that d(pl,{H = 0) C intlC'^t^^yy for t > R. We may 
also assume that 9h{t2) & S \ {^'j^i'Dj), which implies that v ^ U'^j^Z^. 

Now consider the case x G 'D\C. Again let ti — ti{x), < ti < i?, be the time at 
which 7g exits £. Since Kg(t) is negative for < i < ii, we have < Og{ti) < 7r/2, 
and the rest of the argument proceeds as in the case a; G C. □ 

Definition 3.12. If a; G ^l^iDi , and v E T'i(S') is such that dist/i('i;, uq) < e, 
where vq is a radial vector at x and e is as in Lemma |3. Ill then v is said to be an 
approximately radial vector at x. A regular curve cr(t), ai < t < 02, ai < 02, 
in (T^S) \ ( Uf^i T^{dCi)), is defined to be an approximately stable [approximately 
unstable] curve if cr'(t) is in /C^j-j-j [/C^j-j-j], for all t G [01,02]. 

Remark 3.13. It follows from Lemma [3.111 that if a; G Uf^iVi and cr(s), ai < s < 02, 
fli < 02, is a regular constant basepoint curve in T^{S) such that each cr(s) is 
an approximately radial vector, then (p*{a{s)), ai < s < 02, is an approximately 
unstable curve for t > R. To see this, note that cr'(s) — {£,h{s),S,v{s)), where 



We now introduce a Lyapunov function Q = Q^, '■ V{w) — > M for each w G T^S. 
As we will see in (|4.2p below, Q is monotone increasing along the orbits of the 
geodesic flow. This Lyapunov function will be used to prove that stable and unstable 
cones intersect down to lines in Lemma 14.11 Similarly constructed line fields in 
[319] were only shown to exist on some set of full measure, while Lemma |4T] shows 
existence everywhere. Moreover, Lemma 14.31 shows continuity of these line fields 
at all vectors in T^S except those that are tangent to the boundary of one of the 
caps. Our use of Lyapunov functions and the methods in this section are based on 
ideas in pll4]. 

For each w G T^S^ let Ui = Ui{w), i = 1,2, be a basis for Viw) such that the 
unstable cone at w is given by IC^{w) = {X1U1+X2U2 ■ A1A2 > 0}. We require Ui, U2 
to be positively oriented (using the orientation on V{w) given near the beginning of 
Section 3), ||?7i|| — ||C^2||, and the parallelogram determined by Ui and U2 to have 
unit area. This determines J7i, t/2 uniquely up to a simultaneous change of sign in 
both Ui and 1/2- If JC^ = /C+, we let Ui and U2 have H,V coordinates (1,0) and 
(0, 1), respectively. For w G T^S and t G M, let 



be the matrix for dip* : 'P{w) — > V{if*w) with respect to the bases Ui{w),U2{w) 
and Ui{ip*{'w)),U2iip*{w)). Since d(pl^ : V{w) — >■ V{ip*w) is area-preserving and 
orientation-preserving, detA{'w,t) = 1. The inclusion p.lOp implies that if t > 0, 
then either all the entries of A{w,t) are nonnegative or all the entries are non- 
positive. (Which case occurs may depend on t.) Moreover ii t > and p.l3|) 
holds, then all the entries of A{'w,t) are strictly positive or all the entries are 
strictly negative. In our calculations, it does not matter if A{w,t) is replaced 
by —A{w,t). Therefore, we may assume that for t > 0, all of the entries of 
A{w,t) are nonnegative. We define a Lyapunov function Q = ■ V{w) — >■ R 



by Q{XiUi{w) + X2U2{w)) = sgn(AiA2)A/|AiA2| . Then Q„(0 > if and only if 



iH{s) = 0. 



4. Lyapunov Function and Line Fields 
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C e ICl. Thus, by LcmmaEH QUO < if ^ £ /C^. We define F = : -p(w) -> M 
by ^(AiC/iH + A2C/2H) = A1A2. 

Let ^ = XiUi{w) + \2U2{w) and a = a(w, t), 6 = b{w, t), c = c{w, t), d = d{w, t). 
Suppose t > 0. Assume for the moment that A1A2 < 0. Then 

FidiflO = (aAi+5A2)(cAi+dA2) 

= acXi + bdX2 + {ad + be) X1X2 

(4.1) = acAi+5o?A2 + 26cAiA2 + AiA2 

= acXj + bdXl + 2^/{ad ~ l)6cAiA2 + A1A2 

> acX\ + bdXl + 2\/adbcXiX2 + A1A2 
= (VocAi + \/MA2)^ + A1A2 

> AiA2 = F(C). 

But if A1A2 > 0, then (j4j]) still holds, and this shows that F{dip*^£,) > Thus 
we obtain F{dipiO > F(^), for alH > and all ^ € r{w). This implies that 

(4.2) QidifiO > Q(0, for ah i > and all ^ G Viw). 
If we let 

T{w,t) = {2b{t,w)c{t,w) + 
then it follows from (|4.ip that 

(4.3) QidifiU) > -riw, t)Q{0 > 0, for ^ e /C^ and t > 0. 

If i > and (|3TT3l) holds, then T{w,t) > 1. 
Similarly, 

(4.4) QiO < t{w, t)Q{d^U) < 0, for C G d<^"*/C^*„ and t > 0. 

If 5 > 0, then there exists C — C{6) > such that if JC^ = /C+ and /Cu, C /C+ 
is a cone such that the slopes of the boundary lines of IC^ are S and 1/(5 (or if 
/C^ = /C+ and /C^j C IC~ is a cone such that the slopes of the boundary lines of K-w 
are —S and — 1/^), then 

(4.5) Clieil < |Q(OI, foraliee^^. 

Also note that for w such that /C^ — /C+, in particular for w € T^J^q, where 
TVo = S" \ (U^^i2?i)> we have 

(4.6) |g(0| < lieil, foraneeP(w;). 

If W is a compact subset of (T^S) \ (U^^j^Z^), then it follows from Remark l3.9l that 
there is a constant C = C(yV) > such that 

(4.7) |Q(C)| < CM, for all ^ e 7'(w), for all «; e W. 

Lemma 4.1. For w £ T^S, if we let and be defined by 

El fl d^\K.l^,J and E^ f| d^-*(/C^.^), 
t>o t>o 

t/ien F^'^ anrf Ff„ are ^ines m T^T^S). Moreover, if w e {T^S) \ i^UiTHdCi)), 
then F" C int/C" and Ft C int/Cf„. 
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Proof. Let w e T^S. Wc will show that E"^ is a line; the proof that is a line 
is similar. If i; G T^S, where x D and D — Di for some i G {1, . . . , g}, then 
either there exists t > such that G T^Afo or remains in V for all t > 0. 
If the latter possibility occurs, then either v is tangent to dC, where C = Ci or 
7i,(t) becomes asymptotic to 9C as f — ?► —oo. We consider two cases for the given 
w G T^S. 

Case 1. There exist arbitrarily large values of t such that Lp^^w G T^Afo- By 
the strong convexity of the disks Vi, i — 1, . . . , g, (as discussed in Section 3), there 
exists (3 > such that any orbit of the geodesic flow that enters T^Afo must spend 
more than /3 units of time within T^Afo before exiting (if it exits at all) . Thus there 
is a sequence (tn)n=i,2,... such that for n = 1,2,..., we have —tn+i < —tn — P < 
-tn < 0, and ip^w G rWo for all t G [- t„ - /3,-t„]. It follows from (|3l3l) , g31) 
and a compactness argument on T^Afo that there exists tq > 1 such that for all 
V &T^S with (p*v G TWo for all t G [-,3, 0] we have 

(4.8) Qv{d^^^-,J) > ToQ^-,M, for aU ^ € /C^-^,. 

It also follows from p.l3p and a compactness argument on T^Afa that there exists 
S>0 such that for all v G T^S* with G TWo for aU < G [-/S, 0] we have 

(4.9) d//C^-,, C,^., 

where /Ci, C V{v) is a cone whose boundary lines have slopes 6 and 1/5 in the iJ, V 
coordinates. Let C = C{S) be as in (|4.5|) . 

Define C^j := sup{||d(^-'^|| : u G T^^}. Let ^ G /C"^t„+i-3^ and suppose ||^|| = 1. 

Then it follows from (|I3|) and that 

Moreover, by (ITO . and (g^, we have 

(4.10) 

The intersection of the unit disk in V{ip~*"+^~f^w) and ^^-t„+i-/3^ has area 7r/2, 

and the image of this intersection under dip^^+^~^^^^ also has area 7r/2. On the 
other hand, (|4.10p implies that this image contains the intersection of the disk of 
radius t^CC/^^ with d¥J*"+i-*i+^/C^_t„+i-^^. Since lim„^oo To"CC^^ = cx), the 
cone angle of d(p*"+i^*i+^/C"_t , goes to as n -> oo. Thus is a line, 

and it follows from the cone invariance p. 101) that £'^" is a line. 

Case 2. Either w is tangent to dC or 7u,(t) is asymptotic to 9C as t — > — oo. 
Then there exists < such that ^"^(t) = (t) and the curvature K{'-^w{t)) < 
for all t < tQ. As in case 1, if E'^t^^ is a line, then so is E^. Therefore we 
may assume that to = 0. Let e > and let T = T(e) < be such that — e < 
K{'-fw{t)) < for aU t < T. For B > 0, let mi,B{t) and m2.s(t) be solutions 
to the Riccati equation along 7u,(t) (i.e., (13.31) with wq replaced by w) such that 
mi B{T—B) = and \ivi\i^(j^_g^+ ™2,s(i) = oo- Since the boundary lines of /C^_i5^ 
have slopes and oo, mi^B{t) and m2.B{t) represent the slopes of the boundary 
lines of dip*'^'^-^^ {IC't-bJ ior t > T - B. If Kij^^Xt)) were replaced by the 
constant — e in p.3p . then the solution fh2,B with limi_y('r_3)+ m2,B{t) — oo would 
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be TO2,s(i) ^/^coth (^(t - (T - B))) for t > T - B. If K{j^^{t)) were replaced 
by 0, then the solution rfii^B with fhi,B{T — B) = would be identically for all t. 
Therefore, by a comparison lemma (see, e.g., [2]), we obtain limsup^^g^ m2,B{T) < 
lims-^oo TO2,b(7') = and liminfs^oo TOi,_B(r) > limB_>oo n^i,B(r) = 0. Thus 
E'^T is contained in a cone within IC^rj, that is bounded by lines of slopes and 
\/e. By subtracting the equation p.3p with m = m\^B from the equation (|3.3p with 
m = m2,B, we obtain 

(4.11) (m2,B-mi,B)'(i) = -[(mi,_B+m2,B)(TO2^i3-mi,B)](<) < 0, for f G (-5,0]. 

Thus limsup^_^j^(m2,B — mi_B)(0) < y^, which implies that is contained in a 
cone within that is bounded by lines whose slopes differ by at most y/e. Since 
e was arbitrary, EJ^ is a line. 

In both cases, if w is not tangent to the boundary of a cap, then there exist 
ri > r2 > such that da3''i-''=^/C"_,, Cint/C"_,, . Thus i;,';, C ^''^ (int ^"„,, )c 
int IC^. A similar argument shows that if w is not tangent to the boundary of a cap, 
then C int/C;;,. □ 

Definition 4.2. The line fields v ^ E^ and u on T^S obtained in Lemma |4T] 

will be called the stable and unstable line fields, respectively. Note that dip^E^ — 
E'^t^ and d^)^El = E''^,^ for v e T^S and t e M. A regular curve a[t), ai < t < 
a2, oi < a2, in (T^S) \ {^l^iT^ {dCi)) is defined to be a stable [unstable] curve if 
<T'(i)ei?^(,)[i?«,)] foralHG [ai,a2]. 

The following lemma allows us to integrate the stable and unstable line fields to 
obtain stable and unstable curves. 

Lemma 4.3. The stable and unstable line fields given in Lemma \^.l\ are continuous 
on {T^S)\{uUT\dC,)) . 

Proof. We will give the proof for the unstable line field. The proof for the stable 
line field is similar. 

In order to compare a cone in V{wi) with a cone in V{w2), or a line through the 
origin in 'P{wi) with a line through the origin in V{w2), we will use V coordinates 
on both 'P{wi) and V{w2) to identify 'P{wi) with V{w2). 

Suppose V £ T^S and v is not tangent to the boundary of a cap. Let e > 
and let /C„ be the closed cone in ^^{v) centered at i?" and of cone angle e in 
the V coordinate system. By Lemma 14.11 and p.lOp , there exists T > such 
that dLp^ JQ^^T^ C int/C„ g. By the continuity of dip^ , there exists a closed cone 

JC^p-Ty c V{(p^'^v) such that /C^-t„ C int/C^-T„ and dcp^JC^-T^ C int/C„_e. From 
the continuity of (p~''^ at v and the upper semi-continuity of the unstable cone field 
at ip~'^v, we know that for w G T^S sufficiently close to v, we have A^^-t^ C 
^ip-^w: where IC^-t^ C 'P{(p~'^w) is a copy of IC^-t^ (using the H, V coordinates 
as described in the preceding paragraph). Moreover, by the continuity of ip~'^ 
and d(p^ , for w sufficiently close to v, we have d(p^ {IC^-t^) C mtlCw,e, where 
JCw.e C V{w) is a copy of ICv,e- Therefore 

K c d^^{ic:;^rj c dip^{ic^-Tj c int/c^,„ 

which implies that i?^, makes angle less than e with i?". □ 



REAL ANALYTIC METRICS ON WITH TOTAL ABSENCE OF FINITE BLOCKING 16 



5. Tubular Neighborhoods of tr(p) And Their Lifts 

For the rest of this paper, we let TV = S" \ (Uf^^Ci), Wo = S" \ (U.^iP^i and 
we let A/i and J^2 be open subsets of S such that A/2 C A/i, J7i C A/q, and the 
closed geodesic p : [0, L] — >• A/" described in Section [2] has tr(p) C J^2- We let 
{'Ti,T2) be Fermi coordinates along p, where n G M./LZ is the coordinate along 
p and T2 € [— eojEo] is the coordinate along geodesies perpendicular to p. Here 
Co > is chosen sufficiently small so that all points with Fermi coordinates in 
(R/LZ) X [—Co, Co] are contained in A2. For < e < ep, let 

(5.1) F(e) ^{peS : dist(p, tr(p) < e}. 

Each point in F{e) has Fermi coordinates (ti, r2) in (M/LZ) x [— eg, eo], but if p is not 
simple, then some of the points in F{e) will have more than one such representation 
in Fermi coordinates. In order to handle the case in which p is not simple, we let 

(5.2) F(e) (M/LZ) X [-e,e], 

and let n : F{e) — >■ F{e) be the projection that takes (ri,r2) to the point in S 
with Fermi coordinates (ti,T2). Define h = TT*h to be the covering metric. Let 
p : [0, L] — > F{e) be the simple closed geodesic in (-F(e), h) that is the lift of p. We 
also define 

(5.3) F(e)=Rx [-e,e], 

which is the universal covering space of F{e). Let 7? : F{e) — > F{e) be the covering 
map, and let h = TT*hhe the covering metric. We let p : M -> F{e) be the geodesic 
in {F{e), h) that is the hft of p. 

If (ti, T2) are Fermi coordinates along p or p and 7 : / — > F{e) or 7 : / F{e) is 
a geodesic whose trace is contained in the region in which T2 7^ 0, then the negative 
curvature of {F{e),h) and (_F(e),ft,) implies that t M- |r2(7(i))| is a strictly convex 
function. ^ 

It follows from the simple connectivity of F(e) and the negative curvature of 

{F{e),h) that for each p S F{e), there is a unique vector Z{p) e Tp''^{F{e)) such 
that Jz{p) asymptotic to p as t 00. We let Z be the (unique) vector field on 
F{e) obtained by applying dn to Z. Then for each p G F{e), lz(p) is asymptotic to 
p as t — >■ 00 . 

We will call Z and Z asymptotic vector fields for p and p, respectively. These 
vector fields can be obtained by applying the geodesic flow to a stable horocycle 
through a tangent vector to p or p. Such horocycles are known to be C°° [1] , because 
(F(e), h) can be extended to a closed surface of negative curvature. It follows that 
Z and Z are C°° vector fields. In this paper, we will only use the fact that they 
are continuous. 

6. Proof of Total Insecurity of {S, h) 

Let 7^(w), w e T^S, be the two-dimensional distribution on T^S defined in (|3.ip . 
and let Q = Qw '■ V{w) — ^ M be the Lyapunov function defined at the beginning of 
Section m Let A", Ao, Ai, and A/2 be as in Section El 

Definition 6.1. If a regular curve a{s), ai < s < 02, ai < 02, in T^S is 
everywhere tangent to the distribution V, then we define the Lyapunov length of a 
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as >Cq(o') — J^^ \Q{a'{s)\ ds. We let £{a) — J^^ ||cr'(s)|| ds be the usual length of 
a. 

Remark 6.2. The Lyapunov length, like the usual length, is independent of the 
parametrization of a, because Q is homogeneous of degree 1. If tr is everywhere 
tangent to V, and for each tangent vector w = cr'(s) of a we have /CJJ, = /C+ (in 
particular if tr(o-) C A/q), then by (|4.6[) . we know that CQ[a) < C{(j). If a is as in 
Definition [O] and (t(s) e {T^S) \ (Uf^iZi) for all s e [01,02], then it follows from 
that Cgia) < 00. 

Lemma [6?3l shows that the length of certain stable or approximately stable curves 
goes to zero under the application of dip* as t goes to infinity along certain sequences. 
The uniformity of the contraction in part (1) of Lemma 16.31 allows us to obtain 
expansion of approximately unstable curves in Corollarv l6.4l 

Lemma 6.3. Suppose a{s), s € [0, a], a > 0, is a regular curve in {T^S)\ 
i^f^iT^ (dCi)) that is everywhere tangent to the distribution V. Let vq = <j{sq), for 
some sq e [0,a]. The two statements below are true for a. 

(1) For every e > 0, there exists M = M(e) > 1, independent of the choice 
of a, such that the following holds: If m > M is an integer and there 
exists a finite sequence (tn)n=i,2,...,m+i such that ti > 0, tn+i > 1 + for 
n = 1,2, . . . ,m, tr{ip*-"{a)) C TWi, for n ^ 1, 2, . . . , m, and (cr)) is 
an approximately stable curve, then C{ip*'"{a)) < eC{ip*'^ (a)) . 

(2) If a is a stable curve with Lq^a) < 00, and there exists a sequence (tn)n=i,2,... 
such that ti > 0, t„+i > 1 + t„ for n = 1, 2, . . . , and (p*"{vq) € T^M2 for 
n — 1,2, ... , then lim„^oo C{lp*'^ [a)) = 0. 

Proof. Since Mi C A/q, there exists 77 G (0,1) such that for every v E T^Ni, 
7" ([0,7?]) lies in A/q. By (I3.14|) and a compactness argument, there exists 5 e (0, 1) 
such that for v G T'^Ni, dip~'^{JC^^y) <Z JCv C 1C~ , where /C„ is bounded by lines 
of slopes —8 and —1/5 in the H, V coordinate system on V{v). If /3 > 1 > 77, then 
d(^-^(/C^^,J C o?(/7~''(/C^^„). Thus, by (03]) and (gH) there exists a constant C > 

such that if 1^ € (i(^^^(/C^^^) for some fi >1 and some v G TWi, then 

(6.1) qi^ll<IQ(e)l<lieil- 

By ((XT^ and there exists k e (0, 1) such that if ^ e d(p"''(/CJ^^,) for some 

V e TWi, then 

|Q(d^"OI <«IQ(0|. 

If ^ > 1 and C e d(^^''(/C^f,^) for some w e TWi, then |Q(d(^^OI < \Q{dv''C)\ and 
we obtain 

IQ(rf/C)l < '*IQ(OI- 

Thus, if CT is a stable curve in T^JVi, or more generally, if a is in T^Mi and lys'^tr is 
an approximately stable curve for some P > 1, then 

(6.2) CC{a)<CQ{a)<C{a) 
and 

(6.3) t^Qiv^m < i^CQia). 

Let e > and take M > 1 sufficiently large so that k*^^^ < Ce. Suppose 
m > M is an integer and {tn)n=i,...,m+i and a are as in the hypothesis of part (1). 
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Since (cr) is approximately stable and tr((y9*'" (cr)) C T^Afi, it follows from 

(1121) that C/:(^*"(cr)) < /:Q(v3*'"(cr)). Note that (|OT1) implies that (p*--*(cr) is 
approximately stable for t > 0. Applying (|6.3|) to ct = (cr), . . . , y?*™-! (tr), and 
P = t2-ti, . . . ,tm- tm-1, respectively, we obtain Cgiip*"' (a)) < k"'~''^Cq{(p*^ (a)). 
Since (P*^{(t) is approximately stable, (I6.2p implies that £q((/3*i (cr)) < (cr)). 
To summarize, we have 

and this completes the proof of part (1). 

It follows from (|6.2p that there exists ? > such that any stable curve a that 
contains a vector in T^N2 and has Cqia) < e must be contained in T^Afi- Sup- 
pose now that a and the sequence (tn)n=i,2,... are as in the hypothesis of part 
(2). If /:q((^*"(ct)) < e for some n > 1, then (^'"(cr) C TWi and £((^*"(cr)) < 
{1/C)Cq{lp^" {(t)). Therefore to prove part (2), it suffices to show that lim„_j.oo 
£Q(^*"(a)) = 0. 

We may assume that vq is an endpoint of cr, say vq = cr(0). Let = sq < < 
■ ■ ■ < Sk — a he chosen so that £q((/7*i ((t|[s£, s^+i])) < e/2 for £ — 0,...,fc — 
1. Let fjf = (t|[0,S£] for £ = l,...,fc. We will use induction on £ to show that 
lim„_>.oo >Cq((^*" {(Je)) = for ^ = 1, . . . , fc. Since ak = cr, the conclusion of part (2) 
will follow. 

Since £q((/3*((t)) is a nonincreasing function of t for any stable curve a, we 
have CQ{ip*"{ai)) < Cgiip^^iai)) < e/2 for all n > 1. Thus tr(v3*" (cti)) C TWi 
for all n > 1. Therefore part (1) implies that lim„ _j.oo 'C(<y9*" (cti)) = 0. Since 
£Q(V3*"(cri)) < £((^*"(cTi)), we have lim„_i.oo £q (cti)) = 0. 

Now suppose that £ € {1, . . . , A; — 1} and assume that lim„_j.oc £Q(<y'*" (c^)) = 
0. Let A'lg be sufficiently large so that £q (cr^)) < e/2 for n > Mi. Since 
/:Q(V5*"(cr|[s<!,S£+i])) < £Q((/?*i(cr|[s£,S£+i])) < e/2 for all n > 1, it follows that 
£g(<p*"(cr<!+i)) < e for n > Me. Then tr((p*" (ct^+i)) C TWi for n > M^. By apply- 
ing part (1), we obtain lim„_^oo 'Cq(</5*" (ff+i)) = 0, which completes the inductive 
proof. □ 

Corollary 6.4. There exists rg > such that if a{s), s G [0,a], a > 0, is an 
approximately unstable curve and there exist vq — (t(so) for some Sq G [0,a] and a 
sequence (tn)n=i,2,... with ti > 1, > 1+tn for n — 1,2,..., and ip*" (vq) € T^J\f2 
for n — 1,2,..., then liniinf„^oo C{ip*" (cr)) > tq. 

Proof Let b = dist(rW2, ^(TWi)) > and let tq = min(l/2, &/2). Let a{s), 
s € [0,a], a > 0, be an approximately unstable curve and let vq and (in)n=i,2,... be 
as in the hypothesis of the corollary. If tr((y9*" (cr)) is not contained in T^Afi, then 

£(iy9*" (cr)) >b>ro. Thus, we may assume that tr((/3*" (cr)) C T^A/i for n = 1,2, 

If p(s) is a curve in S and q;(s) is a curve in such that a{s) G ^p(s)'5', then 
we let Offcv denote the curve in T^S with the same basepoints as a, but the vectors 
a{s) e T^i^^S are replaced by — a(s) G "^pis)^- Since /C" = /C+ and /CJ = /C~ for 
V e T^A/i, a curve a in T^Afi is approximately stable [unstable] if and only if 
ttrev is approximately unstable [stable]. Note that ip* {{ip*{a))rcv ) = Orcv for all 
t € M. 

Since cr is approximately unstable, so is ip*^{cr)^ for n = 1,2,.... Let e = 
£(</3*^(cr)) > 0, and let M = M(e) be as in part (1) of Lemma [6.31 Suppose there 
exists m> M such that £,{ip*"^ (cr)) < 2ro < 1. Let a = {ip*"^ (cr))rev and let to = 0. 
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Then for < A; < TO, we have (o'))rcv = (a). Applying part (1) of Lemma 

6.31 to a (instead of a), using the sequence 0, tm — tm-i, tm ~ ■ ■ ■ ,tm — ti,tm 

(instead of fi, ^2, • ■ • , tm+i), smd noting that (/j*"^ (a) = a^cv is approximately stable, 
we obtain ((T))rov) = £(</'*"'^*^ (?)) < e'C(cr)) < e, which is a contradiction, 

since C{{ip*' {(T))rcv) = C{ip^' (a)) = e. Thus C{ip^"^ (a)) > 2ro for aU m>M. □ 



Lemma 16.51 below provides a comparison between the Euclidean curvature and 
the curvature within a manifold (M, h) for a given curve a in a neighborhood of 
a geodesic 7. In our application of this lemma, 7 will be replaced by p, and h will 
be replaced by h. If a{t) is a regular curve in the Euclidean plane and N{t) is 
a unit normal field along a{t), then the signed curvature of a with respect to N is 
defined by 

-a"{t) ■ N{t) 



(6.4) K{t) = 



\a'(tW 



The choice of sign is consistent with that in equation p.2p . 

Suppose a < b and 7 : [a, b] — >■ Af is a geodesic in a complete Riemannian surface 
(M, /i) such that 7 is either one-to-one on [a, b] or 7 is a closed geodesic that is 
one-to-one on [a,b). In the former case, let / = [a,b], and in the latter case, let 
/ = [a, 6]/ where a ~ 6. Let (ri,T2) be Fermi coordinates along 7, where ri is 
the parameter along 7 and T2 is the parameter along geodesies perpendicular to 7. 
Let ei > be sufficiently small so that points that are within distance at most ei 
from tr(7) have a unique representation in Fermi coordinates (ti, T2) G / x [— ei, ei]. 
For e with < e < ei, define 

(6.5) F{e) - {(ti,T2) : n e J, -e < T2 < e}. 

On F{e) we have the Riemannian metric induced by h through the identification 
of points within distance at most e of tr(7) in {M, h) and their Fermi coordinates 
(ti,T2). We also have the Euclidean metric {d/dTi,d/dTj) = Sij, for I < i,j < 2 
on F{e). For a regular curve a{s), —£< s < i, in. F{e) we may compare the 
signed curvature of a in these two metrics. We will use the subscripts h and e to 
distinguish inner products with respect to the metric h and the Euclidean metric. 

Lemma 6.5. Suppose 7 : [a, b] — >■ M is a geodesic on a complete Riemannian 
surface (Af , h) such that 7 is either one-to-one on [a, b] or ^ is a closed geodesic 
that is one-to-one on [a,b). Suppose I, ei, Fermi coordinates (ti,T2) along 7, and 
F{e) for < e < ei, are as defined above. Let fco > and let < C, < 1. Then 
there exists e > 0, depending only on 7, /i, ei, fco, and C, such that the following 
properties hold for any regular curve, a{s) — (ti(s), T2(s)), —£ < s < £, in F{e). 

(1) If Nj^{s) and Ne{s) are continuous unit normal fields along a{s) for the 
metric h and the EucHdean metric, respectively, then Nj^^is) and Ne{s) lie 
on the same side of the tangent line to a at s when s = (and therefore, by 
continuity, for all s E [~£, £]) if and only if the same choice of sign replaces 
± in ((O^ as in (|5T^ below. 

(2) Suppose Nj^{s) and iVe(s) are as in part (1), lying on the same side of 
the tangent lines to a. Let the signed curvatures fc(s) and k{s), denote, 
respectively, the signed curvature of a{s) with respect to Nj^{s) on (F(e), /i) 
(as defined in p.2|) ) and the signed curvature of a{s) with respect Ne{s) 
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(6.6) 



in the Euclidean metric on F{e) (as defined in (|6.4p '). If \k{s)\ > ko for all 
s e then 



i-C< 



k{s] 



< 1 + C, foraUse [~£,e]. 



Proof. Since the curvatures (in either metric) and the unit normal fields along a are 
invariant under reparametrization, we may assume that a{s) is a unit speed curve 
in {F{e), h). Note that in Fermi coordinates (ti, T2), if hij ~< d/dri, d/drj and 



r™ are the Christoffel symbols for h, then 



/i1i(ti,0) = 1, /ii2(ti,T2) = 0, /i22(ti,T-2) = 1, 

dh22 



"-(ti,0) = 0, -^(ri,r2)-0, 



9t2 



(6.7) 
and 



9t2 

hij{Ti,T2) = S^J+0i\T2\), 
r^{n,T2) = 0{\T2\), 



■(n,T2) = 0, 



for i,j,m € {1,2}. Here, and throughout this proof, 0(|t2|) and o(|r2|) denote 
functions whose absolute values are bounded, respectively, by constant multiples of 
\t2\ and t|, where the constants can be chosen independently of a and e. 
Since 



(6.9) 

and < a'{s),a'{s) >j[— 1, we have 

(6.10) hnKf + {r;,)' = l. 

It follows that \t[\ < (7^ii)-i/2 and \t^\ < 1. From ^Ji) and (|6l0| . we obtain 



(6.11) 

Note that 

(6.12) 



ir[r + ir!,f^l + oi\r2\). 



0T2 



where the same choice of ± is made for all s. For the Euclidean normal vector, we 
have 



(6.13) N,{s)^± 



d 



d 



also with the same choice of ± for all s. If we make the same choice of ± in (|6.12p 
as in (|ST^ . then it follows from (|STTU)) and (|577)) for (i, j) = (1, 1) that 



(6.14) 



Z(%(s),Are(s)) = o(|r2|), 



where Z denotes the angle measured in the Euclidean coordinate system. In this 
case, if e is sufficiently small and \t2\ < e, then Nj^{s) and Ne{s) lie on the same 
side of the tangent line to a at s. Conversely, if we had made the opposite choice 
of signs in (|6.12p from that in ()6.13p . then N-j^{s) and Ne{s) would lie on opposite 
sides of the tangent line to a at s. The assertion in part (1) follows. 
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In the proof of part (2), we may assume that ± in both (|6.12|) and (|6.13p is taken 
to be +. Taking the covariant derivative D/ds, with respect to the metric h, of 
(|6.9p . we obtain 



m=l \ l<i,j<2 " 

(6.15) = ^K;(.) + 0(|r2|)) ^ 

?n — 1 

Then the signed curvature of a{s) with respect to iV^ in the metric h is 



dTr, 



(6.16) = {r['r;,-T[T^)^hn+0{\r2\). 

Next we find the signed curvature k{s) of a(s) with respect to A^e hi the Euchdean 
metric. By (|6.4I) and (I6.13p . we have 

-(a"(,s),iVe(.))e 



|a'(s) 



k(s) = 

(6.17) = 

(W)^ + (t^)^ 

If |A:(s)| > ko and e is sufficiently small, then (|6.6p follows from (|6.1ip . (|6.16p . and 
(IHTtI) . □ 



-/^2^3/2 



In Proposition l6.6l below. we will consider the closure of an eo-tubular neighborhood 
of p, (-F(eo), h), as described in Section[51 Either component of F{eo) \ tr{p) could 
serve as the region in which the second of the Fermi coordinates (ti, T2) is positive, 
depending on how the Fermi coordinates are chosen. For any geodesic 7 : [a, 6] — > 5, 
we let —7 denote the geodesic 7 transversed in the opposite direction: {—j){t) = 
7(a + 6 - t), ior a<t <b. 

Proposition 6.6. If p : [0,L] S is the closed geodesic constructed in Section\^ 
and X S, then there exist v^,v^ eT^S such that 7^^ (t) and 7„_ {t) are asymptotic 
to p and — p , respectively, as t ^ 00. If x & ^1=1^^1 then v+ and V- can be chosen 
to be approximately in the radial direction (see Definition \3.12\) . In addition, if we 
are given a choice of Fermi coordinates (ti,T2) on {F(eo),h), then we can choose 
and V- so that for every e > there exists T — T{e) > such that 7„^ | [T, 00) 

and 7„_ I [r, 00) have lifts jv^\[T,co) andjy_\[T,co), respectively, to (F(eo),/i) such 
that 

< r2(7„+ {t)) <e andO< T2{%_ {t j) < e, for t > T. 

Proof. Let x S and let a : [— ao, aq] T^S, oq > 0, be a regular curve (with 
constant basepoint x). If a; G Uf^iVi, then a is chosen so that cr(s) is approximately 
in the radial direction for all s G [— ao,ao]. We will show that for some S2 S 
(— ao,ao), the vector a{s2) satisfies the conditions required of v+. Let R be as in 
Lemma [3.111 and let to > R he such that x is not conjugate to 7(t(o)('^o) along 
7CT(o)|[0,io]- Let < a < ao/2 and < 6 < (to — ^)/2, and assume a,b are 
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sufficiently small so that exp^ : {ta{s) £ TxS : —2a < s < 2a, to — 2b < t < to + 2b} 
5 is a diffeomorphisni onto its image. Define 

Ao = Ao{a, b, to) = {(^*((t(s)) : -a < s < a,to - b < t < to + b} 

and 

Ai ^Ai{a,b,to) = {V3*(cr(s)) : -a/2 <s< a/2, to - (6/2) < t < to + (6/2)}. 

Note that (/3*(cr(s)) C (T^S") \ (Uf^^Z,), for s € [-ao,ao] and i > (where Z, is 
in Definition E^l), because a{s) i hUi^i) and v\{T^S) \ (U^^^Z,)) C (T^S") \ 
(Uf^j^Zi) for all < > 0. Wc require a, b to be sufficiently small so that there exist an 
open subset W of T^S with A!^ C W C {T^S) \ (U^^^Zi) and a coordinate chart 
^ : — >■ K'^ such that '^{Aq) is an open subset of M^. Here, and in the proof of 
Lemma [6Jl we identify with x {0} c R^. For -q > 0, let A ^ Aifj) be an 
7^— neighborhood of Ai- 

We will continue with the proof of Proposition lG^ after Lemma l677l and Corollary 

EB 

Lemma 6.7. Ifrj = rj{a, b, W, 5*) is sufficiently small, then every vector w € A{ri)\ 
Ao can be joined to a vector in Ao by a stable curve with finite Lyapunov length. 

Proof. By Lemma 13.111 the curves s i— ip*{a{s)), —ao < s < ao, are approximately 
unstable for t > R. Thus each tangent plane to Ao is spanned by a vector tangent 
to an orbit of the geodesic flow and a vector in an unstable cone. By Lemma 
14.11 the E'' line field is contained in the interiors of the stable cones at vectors 
in ^0 • Hence Lemma 13.51 implies that i?^ is transversal to the tangent plane to 
Ao at each vector in Ao- Since E'^ is continuous on W, it follows that there exists 
c > such that "^{Ao) x (-c, c) C '^'{W) and the line field d'^iE") is uniformly 
transversal to horizontal planes in ^(.4o) x {—c,c). Let C > be such that within 
^'(-4o) X (— c, c) any unit vector along d'i'{E'') has a component of absolute value 
greater than ( in the vertical direction. Let ho — dist(5'(^i), '^/{dAo)). We choose 
f] sufficiently small so that A{r]) C W, dmt{'i'{A{r])),'i'{dAo) x R) > ho/2, and for 
any {pi,P2,P3) & *(-^('7)), we have jpal < min(c, hoC/2). Let w € A{r]) \ Ao. Then 
^(w) — {pi,P2,Pz), where ^ 0. We suppose > 0. Since d'^{Es) is a continuous 
line field on d^!{W), there exists a unit speed curve P that is everywhere tangent 
to d'i>{E'^) and starts at /3(0) — ps with /3'(0) having a negative component in the 
vertical direction. Then /3 must reach R^ x {0} in time less than ps/C, unless it first 
exits the region '^'{Ao) x R. But it cannot exit this region in time less than ho/2, and 
by our choice of 77, we have p^/C < ho/2. Thus, for some ii € (0,P3/C), the curve 
i3{t), 0<t<£i, connects (^1,^2,^3) to a point in ^'(A)- Then /?(<) = *-i(/3(i)), 
< t < £1, is a stable curve that joins w to a vector in Aq. Since tr(/3) is a compact 
subset of (T^S) \ (U^^^Z^), it follows from Remark that /3 has finite Lyapunov 
length. The case ps < can be handled similarly. □ 

Corollary 6.8. IfUo is a nonempty open subset ofT^M2, where M2 is as in Lemma 
\6.3\. then there exists sq G (—a, a) and a sequence {tn)n=i.2.... with ti > and 
tn+i > I + tn for n = 1,2, ... , such that ip*" (cr(so)) S ^0, for n — 1,2, ... . 

Proof. Let Ui be a nonempty open subset of Uo such that Ui C Uq, and let > 
be such that Lemma 16.71 holds for A — A{7j) . Then Ui and A each have positive 
Liouville measure. By the ergodicity of the geodesic flow tp*, we know that there 
exists w A and a sequence (tra)n=i,2,...such that ti > and tn+i > 1 + tn for 
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n — 1,2,..., and (^*" (w) £ Ui for n — 1,2,.... If w <^ then by Lemma 16.71 
there is a stable curve /? from w to a vector v in ^o- The vector v can be written 
as V — Lp*°{a{so)) for some sq G {—a, a) and to — ^ < < + ^- By part (2) of 
Lemma [^751 Um„^oo = 0. Thus there exists N such that tAr+i > to, and 

for n > N, ip^"{v) G Uq. Then the Corollary holds with t„ — + t^. If w £ Aq, 
then we already have w = (p*" (cr(so)) for some sq G (—a, a) and to — 5 < to < to + 
and the Corollary holds with t„ = t„ + to. □ 

We now complete the proof of Proposition l6.6l Let eo S (0, 1), F{€o), and -F(eo) 
be as described in Section [5l with Fermi coordinates {ti,T2) along p in the metric 
h defined in (M/LZ) x [— eo,eo]- Let Z be the unit vector field on F(eo) that is 
asymptotic to p, as in Section [5] 

Since F(eo) C SXiUl^-^Vi), it follows from |3l3t that if u e T^S has its basepoint 
in F{eo) and df^^v £ l^^-iy, then dip^ (IC^^^^i^) C int/C" — int/C+. Moreover, by a 
compactness argument, there exist fco, fci, < fco < /ci < oo, such that for all such d, 
d(^^(/C^^_i^) is contained in a cone in /Cj that is bounded by lines of slopes fco and 
ki in the H, V coordinates. Therefore, if t > i? + 1 and (Jq is the restriction of a to 
a subinterval of [— ao, ao] such that ip^ao has all of its basepoints in i^(eo), then the 
curvature of the curve of basepoints of (pVo (with respect to the metric h and the 
normal field given by (p^ao) is in the interval [fco,fci], because <f*ao = (p^{{p*~^ao) 
and Lp*~^ <jQ is approximately unstable (by Remark I3.13p . Likewise, the curve of 
basepoints of any lift of such a (^Vo to T^{F{eo)) has curvature (with respect to 
the metric h) in [fco,fci]. 

We now apply Lemma 16.51 with 7 = p, ei = eo, F(eo) — F{eo), and h = h. Let 
e G (0,eo] be such that the conclusion of Lemma [531 holds for ( = 1/2 and fco as 
above. Let kq = fco/2 and ki = (3/2)fci, and let F{e) C F{eo) be defined as in 
(15. 2p . By (16.14p . there is a constant Co > such that along any regular curve 
a{s) = (ti(s), T2(s)), < s < ^, in F{e), the unit normal vectors N-p^ and to a 
(in the h metric and the Euclidean metric, respectively) satisfy 

(6.18) Z{Nj^,N,)<CotI 

where Z denotes the angle measured in the Euclidean coordinate system. Since, by 
(16. 7p . the ratio of the Euclidean length to the length in the h metric is close to 1 
for T2 close to 0, we may also assume that e is sufficiently small so that 

(6.19) < 2||w||e, 

for all V e TS with basepoint in F{e). After choosing e, we choose 5 so that 

r, ^ X ^ 1 . / e^o ttkq roKo \ 

< < — mm e, — — , - — , , , 

Co + 2 \^ ' 2 ' 2ki ' 2y/TT^ J 

where ro is as in Corollarv l6.4l 

Let Uo = {w £ T^{F{e)) : p = (ti,T2), < T2 < (5, Z{Z{p),d/dn) < S, 

liw,Z{p)) < S, l{Q,-d/dT2) < Tr/2, and l{w,d/dTi) > Z{Z (p) , d / dn)} . For 
the rest of the proof of this proposition, the signed Euclidean angle from one vector 
to another at the same basepoint in F(e) will be taken to be in (— 7r,7r] and the 
counterclockwise direction will be the positive direction. In particular, for w £ 
Uo n Tp{F{e)) the signed Euclidean angle from Z{p) to w is negative. Let Uq 
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be the image oi Uq under the projection tt from T^{F{e)) to T^{F{e)). Let so G 
(—a, a) and the sequence (in)n=i,2,..., be as in Corollary 16.81 apphed to this choice 
of Uq. If n is sufficiently large, then by Corollary 16.41 £((/3*"(cr|[so, a))) > tq and 
{a\{—a, So])) > ''o- Now fix a choice of such an n, where we also require that 
tn>R+l. 

Let w — ip*"{a{so)) and let w G Uo he such that w projects to w. Let be the 
lift of ((t(s)), So < s < ai, to T^{F{e)), where ((t(so)) lifts to w and the 
curve a is truncated, if necessary, at s — ai, where a exits T^{F{e)). (If it doesn't 
exit T^{F{e)), we take ai = a.) Let a(s), sq < s < ai, be the curve of basepoints 
of a. Then a'(so) is orthogonal to w in the h metric. Let and N^. be unit 
normal fields along a{s) in the /i-metric and the Euclidean metric, chosen so that 
iV^(O) = w and Nj^{s) and Ne{s) lie on the same side of the tangent line to a at all 
s e [0,ai]. Since Z({(},9/9ri) < 26 < tt/2 and l{w,-d/dT2) < 7r/2, iV^(O) has a 
positive component in the d/dri direction and a negative component in the d/dT2 
direction, which, according to equations (j6.12p and (I6.13p . implies that the same is 
true of iVe(O). In particular, we see that S'(so) must have a nonzero component in 
the d/dT2 direction. We will assume that this component is positive. (If not, we 
would replace ((t|[so, a]) by (p*" ((t|[— a, so]) in our argument.) We may assume 
that the parametrization of a is such that so = and a(s) is parametrized by 
Euclidean arc length. 




Figure 6.1. Rotation of A'r. 

h 

By the choice of e and by (jgl^ . we know that Z(7Ve(0), iV^(O)) < Co6^ < 
CoS. Thus l(NeiO),d/dTi) < (Co + 2)S. According to Lemma ESI the Euclidean 
curvature of a(s) is between kq and ni for < s < oi. Thus Ne{s) rotates in the 
counterclockwise direction at a rate between kq and ki radians per unit time. For 
s G [0, min(ai, (Co + 2)6/ kq)], the signed Euclidean angle from d/dri to Ne{s), 
is strictly between —(Co + 2)6 + kqS and kis, which implies it is strictly between 
— (Co + 2)6 and 7r/2. Thus a'{s) has a non-zero component in the d/dT2 direction 
for s e [0, min(ai, (Co + 2)5/ko)]- In fact, this component must be positive, because 
a'(0) has a positive component in the d/dT2 direction. Since the component of 
a'(s) in the 9/9t2 direction is at most 1, and < r2(S(0)) < 6 < e/2, we obtain 
< T2{a{s)) < e/2 + (Co + 2)6 /kq < e for s £ [0,min(ai, (Co + 2),5/ko)]. 
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The length of ct(s), Q < s < mm(ai, (Co + 2)S/kq)], m T'^S with the metric 
induced by h, is at most (l+kf Y^^ times the /i-length of a(s), < s < min(ai, (Co + 
2)5/ko). By dnmi), the /i-length of a{s), <s < min(ai, (Co + 2)5/ko), is at most 
2(Co + 2)5/kq. Thus the length of a{s), < s < min(ai, (Cq + 2)S/kq), is at most 
2{l + kf y^^{Co + 2)d/Ko, which is less than r^. Thus ct(s) can neither exit T^{F{e)) 
nor reach length ro by time s — min(ai, (Co + 2)S/ko). Hence ai > (Co + 2)5/ kq. 

Since Ne{s) rotates counterclockwise at a rate of at least kq radians per unit time, 
there is an si € (0, (Co + 2)6/ kq) at which Ne{si) has a positive component in the 
d/dT2 direction, and by ()6.12|) and (|6.13p . iV^(si) also has a positive component 
in the d/dT2 direction. Moreover, si may be chosen so that Ne{s) and -/V^(s) have 
positive components in the d/dri direction for all s € [0, Si]. Each vector in Z with 
basepoint in the T2 > region has a positive component in the d/dri direction and 
a negative component in the d / dT2 direction. Thus the signed Euclidean angle from 
Za(a) to Nj^(s) changes from being negative at s = to being positive at s = si. 
Both N-f^{s) and Zs{s) are continuous unit vector fields along a{s), < s < si. By 
the intermediate value theorem, there exists S2 G (0, si) such that Nj^(s2) — Zs(s2)- 
Since iV^(s2) is a hft to T^{F{e)) of ((7(52)), it follows that v+ — a{s2) has the 
required properties. The existence of w_ also follows, since we may replace p by —p 
in the above proof. □ 

Proposition 6.9. Let p be the closed geodesic constructed in Section\^ For each 
{x,y) e S X S there exists an infinite family of distinct geodesies 7„ : [0,L„] — >■ 
S, n — 1,2,..., from x to y with lim„_j.oo = 00 satisfying the following: for 
every e > 0, there exists T ~ T{e) > and N =^ N{e) such that for n > N and 
t £ [T,Ln ~ T], we have dist(7„(t), tr(p)) < e. Suppose p and {F{eo),h) are as 
in Section\^ and we are given a choice of Fermi coordinates (ti,T2) on (i^(eo),/i) 
such that Ti is the coordinate along p and T2 is the coordinate along geodesies 
perpendicular to p. Then the geodesies 7„ can be chosen so that if < e < eg and 
n > N, there exists a lift 7,1 |[T, L„ — T] of jn\[T, Ln — T] to -F(eo) such that 

< r2(7„(t)) < e, for t G [T, L„ - T]. 

Proof. Let x,y G S, and for < e < eo, let F(e), F(e), F{e) be the closures 
of the e-tubular neighborhoods of p, p, p, respectively, as defined in Section [5l 
Suppose we are given a choice of Fermi coordinates {ti,T2) along p on i^(eo)- Let 
(en)n=i,2,... be any sequence with e„ | and ei < eo- We will construct a sequence 
of geodesies 7„ : [0, i„] — >■ S*, n = 1, 2, . . . , from x to y and sequences {Tn)n=i,2,... 
with < r„ < Ln/2, Tn t 00, such that 

dist(7„(i), tr(p)) < for t G [T,„, L„ - T,„] and n>m>l. 

Moreover, we will show that there is a lift 7„ of 7„|[Ti, L„ — Ti] to F{eo) such that 

(6.20) < r2(7„(i)) < e™, for t e [T™, L„ - T^] and n>m>l. 

This will imply the conclusion of the proposition, because for any given e > 0, we 
may choose m such that < e, and let N{e) — m and T(e) = Tm- 

By Proposition l6.61 there exist vectors Vx G T^S, Vy £ TyS such that 7^^ and 
are asymptotic to p and — p, respectively, and for T sufficiently large, the second 
Fermi coordinate of the lifts of | [T, 00) and \ [T, 00) to F(eo) is always positive. 
Let a-x ■ [0,ao] T^S and ay : [0, 60] — ^ ^y'^'i for some ao,6o > 0, be one-to-one 
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regular curves with ax(0) — Vx, cry(O) = Vy, such that for aU sufhciently large 
t, the derivative with respect to s at s = of the curve of basepoints of ip*'{ax{s)) 
has a positive component in the djdT^ direction, and similarly for (y9*((Ty(s)). If 
X G U^^iVi, then Vx and the curve <Tx can be chosen so that crx{s) is approximately 
in the radial direction for all s e [0, oq], and similarly if y G Uf^j^I?;. Thus the curves 
ip^<Tx and </?'(Tj, are approximately unstable for t > R, where R is as in Lemma l3.11l 
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Figure 6.2. Matching a geodesic starting at x with a geodesic 
starting at y. 

Let To — R, and let oq and bo be as above. We will choose r„, ty,n, «n, 
and 6„ inductively so that for n — 1,2,..., we have the following: r„ > T„_i, 
r„+i > max(i3; „, „), < a„ < a„_i, and < 6„ < fo„-i. Further conditions 
on these parameters will be imposed below. We require r„ to be sufficiently large 
so that 7„^|[r„,oo), 7„^|[T„,cx)) have lifts %^n, ly,n, respectively, in F(eo) so that 
dist(72;,„(t),tr(p)) < e„/2 and dist(7j^,„(t), tr(p)) < e„/2 for t > Tn- We let ax,n, 
ay^n be lifts to F{eo) of ip'^"{ax\[0,an]), t/?^" (cTy |[0, 6„]), respectively, where a„, &„ 
are chosen so that the curve of basepoints of ax^n{s), for < s < a„, and the 
curve of basepoints of ?j,.ri(s), for < s < 6„, have length less than e„/2. Later 
we will impose an additional condition relating the choices of the lift C7x,n and 
the lift 5y,ri. We let jx,n and 7y_„ be lifts of 7„^|[T„,oo) and 7„j^ | [T„, cxd) chosen 
so that 7i_„(r„) = ax,n{0) and 'Jy^ni'^n) = f?y,n(0). We will show that there exist 
tx,n,ty,n >T„anda„ G (0,a„),5„ G (0, 5„) such that 7cr_^(a^) |[0, ia:,„] joins smoothly 

to -(7<T„(fc„)l[^'*?'^»0 ^* 7<T,(a„)fe,n) = 7a„(&„)(*!y.n), to form a geodesic 7„ from x 
to ?; of length L„ > 2r„. Our construction will be such that dist(7„(i), tr(p)) < 
for t e [Tm, Ln - Tjn], for 1 < m < n. 

Since Ux and Cj, and their images under 93*, for t > R, are approximately unstable, 
the curvatures of CTx,n and CTj,.„ are positive. For t > Tn, let Ex^n{t) be a unit normal 
field along ^x.n{i) chosen so that Ex^n{Tn) is in the same direction as the derivative 
at s = of the curve of basepoints of Ox^n{s). Let Jx,n{t) = jx,n{t)Ex,n{i) be the 
Jacobi field Jx,n{t) = (d/ds)|s=o7<J.,„(s) Tk), for t > Tn. Since j'x^niTn)/ jx,n{Tn) 
is equal to the curvature at s = of the curve s i— >■ 7^.^ „(s)(0) (as explained in 
Section [3]) and jx,n{Tn) > 0, we have j'n.x{Tn) > 0. Therefore, if we extend the 
geodesic 7a;,n|[7ri,cx)) for i < T„ up to the point where 'yx,n exits F{eo) and let 
tr(7a:,n) dcuote the trace of this extended geodesic, then for an suflficiently small 
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Figure 6.3. Foliations of the regions TZx,n and TZ, 



and s e (0,a„], the distance between Ja^,^(s){t) and tr(75.^^(o)) is an increasing 
function of t near t = 0. By the convexity of this function, it follows that 7?^ {t) 
must leave F(e„) at some tx.n.s > 0. 

The geodesic jx,n{t), t > Tn, and the geodesies 7*^^„(s)(i), < t < tx,n,s, < 
s < ttn, form a foliation of a region 7^x,n in F{^n) bounded on four sides by 7x,n(i), 
t > the curve of basepoints of ax,nis), < s < a„; jg-^ „{a„){t), <t < tx.n.a^', 
and {{ti,T2) G F{^n) '■ ti > Tx^n,T2 = Cn}, where Tx^n is the ri-coordinatc of 
75'x n(an) t'^^ time it leaves F(en)- The geodesies in this foliation cannot intersect 
each other, because the curvature is negative in F(e„), which implies that there 
are no focal points in F(e„ ). Let X„ be the unit vector field on TZx,n consisting of 
the tangent vectors to the geodesies forming this foliation. There exists Tx.n such 
that the region TZx,n contains all points in -F(e„) with ti > Tx,n that lie above 
tr(7x,n). Similarly, we may construct a vector field 1^ on a region TZy^n in F{^n) 
foliated by the geodesic jy^n{t)^ t > T„,, and the geodesies „(s)(i)j < t < ty,n,si 
< s < bm where ty_n,s is the time at which "f^^ ^(^j exits i^(e„). There exists Tj,.„ 
such that the region TZy^n contains all points in -F(e„) with ti < Ty,„ that lie above 
tr(7y,„). Let Tx,n > Tn and Ty^n > Tn be times at which Ti{%,n{Tx,n)) > Tx,n and 

Consider the projections %^n, %,n ofjx,n, ly,n, respectively, to F(e„). Since %^n 
and 7y^„ approach p from the same side (t2 > 0), but with opposite orientations, 

they intersect infinitely often. Thus there exist tx.n > Tx.n and ty^n > Ty.n such 
that 'yx,n{tx,n) = ly,n{ty,n)- We now imposc the additional condition that the lifts 

CTx.rx and ay^n be chosen so that 7x,n(tx,n) = ly,n{ty,n)- 

Let (ti,„,T2,„) be the (ti,T2) coordinates oi ^x,n{tx,n)- At (ti,„,T2,„) both Xn 
and Yn have negative components in the djdTi direction, and X„ has a positive 
component in the d/dn direction, while Yn has a negative component in the d/dn 
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direction. At (Ti,„,e„) both Xn and Yn have positive components in the d/dT2 
direction, and Xn stiU has a positive component in the d/dri direction, while Yn 
still has a negative component in the d/dri direction. Therefore the Euclidean 
angle from Xn to Yn measured in the counterclockwise direction changes from 
being greater than n to being less than tt along the vertical segment ti = ti^„, 
T2,n < T2 < e„. By the intermediate value theorem, there is a point p„ along 
this segment such that the angle from X„ to F„ is tt. We let a„ G (0, a„), 6„ G 
(0, 6„), and f:r,„,ty,„ > r„ be such that 75,(a„) (ta;,n) = Pn = 7a-„(6„)(^a,") ^'^d 

7k.„(a„)(^^.») = ~('>'5y.„(ft„)(*y'"))- ^^"^ ~'7*(fc„) *° ^ 

geodesic /3„ from the basepoint of (T(a„) to the basepoint of a{bn) in F{en), and we 
let /?„ be the image of /3„ under the projection from F{en) to F{€n). The geodesic 
7„ : [0,L„] — > 5 from x to y is defined to be the concatenation of 7(j^(o„)|[0,T'„], 
/?„, and — (7g.^(^^-||[0,T„]). It follows from the construction that the second Fermi 
coordinate of /?„ is everywhere positive and less than e„, as required. Moreover, if 
1 < TO < n, then /3„ can be extended by joining it to lifts to F{em) of 7(T^(a„) I [Tm, Tn] 
and — (7^.^(5^ •) I [Tm, r„]). For this extension of /3„, the second Fermi coordinate is 
everywhere positive and less than e^- This implies (I6.20[) . □ 

The following theorem is a special case of a theorem of S. Lojasiewicz [20^. (See 
also Theorem 4.4 in the expository article f^.) 

Theorem 6.10. Suppose M is a connected real analytic surface, K is a compact 
subset of M, and f : M is a real analytic function. Assume that f does not 

vanish identically on M. Then there exists a finite set of points P <Z M and a set A 
consisting of the union of finitely many real analytic curves on M, where P and/or 
A may be empty, such that 

{yeK:fiy) = 0} = KniPUA). 

Proposition 6.11. //T > 0, and {x,z) G 5 x 5, then there are at most finitely 
many unit speed geodesies from x to z of length less than or equal to T. 

Proof. Suppose the lemma were false. Then there exists an infinite sequence 7„ : 
[0,T] — >• 5* of unit speed geodesies with 7„(0) = x and 7„(i„) = z for some t„ G 
[0,r]. By passing to a subsequence of (7„)n=i,2,... and reindexing, we may assume 
that lim„_^ooin = to e {0,T] and lim„^oo7^(0) = vq e T^M. Let / : T^S M 
be defined by f{v) = (dist(exp^ w, z))^. Since y ^ (dist(?/, z))^ is a real analytic 
function in a neighborhood of z, there exists an open disk M about tovo in T^S 
such that / restricted to M is real analytic. Let be a closed disk about t^VQ that 
is contained in M. Since / vanishes on an infinite subset of K, Theorem 16 . 1 01 implies 
that there exists a non-trivial real analytic curve a(s), —5 < s < S, in T^M such 
that /(a(s)) = for all s G {—5, S). Consider the variation by (not necessarily unit 
speed) geodesies, s — >■ exp{ta{s)) , where < t < 1. These geodesies pass through 
X when t = 0, and they pass through z when t ^ 1. By the first variation formula 
for arc length (see, e.g., [H]), {d/ds){\a{s)\) = 0. Thus there exists L > such 
that \ct{s)\ = L for all s G {—S, 6). This implies that / vanishes along an arc of the 
circle \ v\ — L. Therefore / vanishes identically on this circle. Thus every unit speed 
geodesic starting at x passes through z at time L. We can repeat this argument 
at z to conclude that every unit speed geodesic starting at z passes through x at 
time L. Hence every unit speed geodesic starting at a; is at a point conjugate to 
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X along that geodesic at times t ~ L, 2L, 3L, .... However, by Proposition 16.61 
there is a geodesic starting at x that eventually remains in the negative curvature 
region, which implies there are at most finitely many points conjugate to x along 
this geodesic. This is a contradiction. □ 

Lemma 6.12. Let {x,y) G S x S and suppose 7„ : [0, L„] — > S, n = 1,2,..., 

is an infinite family of distinct geodesies from x to y as in Proposition \6.9l If 
fl is a finite subset of S, then there exists an infinite subsequence {'^nk)k=i,2,... of 
(7n)n=i,2,... such that 7n)c((0;^nJ) H = /or /c = 1, 2, 

Proof. Let E C be the set of self-intersection points of p. If S 7^ 0, then there 
exist ei > and C > 1, depending on the angles made by p at points in E, such 
that if z is in the ei-neighborhood of tr(p), and z has at least one representation in 
Fermi coordinates (ri,T2) along p with T2 ^ 0, then z ^ S and 

(6.21) < dist(z,S) < C|t2|. 

Let ai = min{dist(z, tr(p)) : z e \ tr(p)} and a2 = min{dist(z, S) : z e (il H 
tr(p)) \ E}. (We define min(0) = 00.) Let < e < min(ei, ai, a2/C'), and let 
T = T{e) and N = N{e) be as in Proposition l6.9l For n > N, there exists a smooth 
choice of the coordinate T2 along 7„ | [T, L„ — T] such that 

0< |T2(7n(<))| <e, 

for t G [T, Ln — T]. If a point 7„ (t) , for some n > N and some t G [T, L„ — T] , is 
in tr(p), then it is not in S, and it is closer to E than any point in {Q D tr(p)) \ E. 
If it is not in tr(p), then it is closer to tr(p) than any point in \ tr(p). Therefore 
7„([r, L„ — T]) n = 0, for n > N. By applying Proposition 16. Ill to points of the 
form {x,z) or {y,z), where z € f2, we see that there exist infinitely many n > N 
such that 7„((0,T) U (L„ - T,L„)) n = 0. □ 

Below is the proof of our main result. 

Proof of TheoremW^ Let (x, y) e S x S, and let 7„ : [0, L„] -> 5, n = 1, 2, . . . , 
be an infinite family of distinct geodesies from x to y as in Proposition 16.91 By 
applying Lemma 16.121 to f2 — {x,y} and passing to a subsequence and reindexing, 
we may assume that the geodesies 7„ pass through x and y only at the endpoints. 

We will prove inductively that there exists a strictly increasing sequence of pos- 
itive integers ni, 77.2, ... , such that 

(6.22) no three of "fnnJn2i ■ ■ ■ iluk ^-re concurrent except at x and at y. 

We may take ni = 1 and 712 = 2. Then (|6.22p is clearly satisfied for k — 1,2. Now 
assume k > 2 and we have found ni < n2 < ■ ■ ■ < Uk such that ()6.22|) holds. We 
will show that we can choose Uk+i > Uk such that (I6.22|) holds with k replaced by 
A; -I- 1 . We now apply Lemma 16.121 with 

U (7n.((0,L„J)n7„,((0,L„,))). 

i<i<j<fc 

Since the geodesies 7„ pass through x and y only at the endpoints, is a finite set. 
Thus Lemma [6.121 implies that there exists Uk+i > N such that 7nfc+i ((0, L„^_|_ J) n 
= 0, and (|6.22p holds with k replaced by fc -f 1. Therefore there exists an in- 
finite sequence of positive integers ni,n2, . . . such that no three of 7ni,7ri2, • ■ ■ 
are concurrent except at x and at y. Since any point can be in at most two of 
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7„^((0, Lrii)), 7^2 ((0, Ln^)), . . . , it follows that there does not exist a finite blocking 
set for {x,y). 

□ 
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